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The Kuramoto-Sakaguchi model

ẋi = ωi −
n∑

j=1

aij [sin(xi − xj − φ) + sinφ] = fi (x) , i ∈ {1, ..., n}

= ωi −
n∑

j=1

cij sin(xi − xj) + sij [1− cos(xi − xj)] ,

where:

▶ xi ∈ S1 ≃ (−π, π];

▶ ωi ∈ R;
▶ aij ∈ R≥0;

▶ φ ∈ (−π/2, π/2);

▶ cij = aij cos(φ);

▶ sij = aij sin(φ).
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How many stable synchronous states?

Consider ωi = 0 for now.

What we know:

▶ Trees: uniqueness;

▶ Complete graphs: uniqueness;

▶ Cycles: multistability;

▶ Complex: hard...
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Multi...

The winding cells: Ω(u) = {x ∈ Tn | q(x) = u} .
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...stability

For all connected i and j :

|xi − xj | < π/2− φ =⇒ Re[λi (Df )] ≤ 0

⇐⇒ stability

The cohesive set:

∆(γ) = {x ∈ Rn | ∥xi − xj∥ < γ , i ∼ j}
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How about contraction?

ẋi = ωi −
n∑

j=1

cij sin(xi − xj)−
n∑

j=1

sij [1− cos(xi − xj)] = ωi + f o(x) + f e(x) .

Invariant along span(1n):
▶ Dynamics of x+ α1n is independent of of α;
▶ λ1(Df ) = 0.

Recall the disagreement seminorm

∥x∥2,Πn = ∥Πnx∥2 , Πn = Id− n−11n1
⊤
n .

Let µ2,Π denote the induced log-seminorm.
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Odd part

f oi (x) = −
n∑

j=1

cij sin(xi − xj)

[Df o(x)]ij =

{
cij cos(xi − xj) , if i ̸= j ,
−
∑

k cik cos(xi − xk) , if i = j .

For any x ∈ Rn:
▶ Real eigenvalues: λ1(Df o) = 0 and λ2(Df o) ≥ · · · ≥ λn(Df o);
▶ Orthonormal basis of eigenvectors: v1, v2, ..., vn;
▶ ker(Πn) ⊆ ker(Df o) and Πnvi = vi for i ≥ 2.
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Odd part (bis)

The Jacobian Df o being a Laplacian matrix, we get

µ2,Π(Df o) = λ2(Df o) .

Furthermore, by Weyl’s inequality, for x ∈ ∆(γ),

cij cos(γ) ≤ cij cos(xi − xj) ≤ cij =⇒ λ2(Df o) ≤ − cos(φ) cos(γ)λ2(LG) .

Lemma 1: µ2,Π(Df o) ≤ − cos(φ) cos(γ)λ2(LG)

F. Bullo, Contraction Theory for Dynamical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds

RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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Even part

f ei (x) = −
n∑

j=1

sij [1− cos(xi − xj)]

[Df e(x)]ij =

{
sij sin(xi − xj) , if i ̸= j ,
−
∑

k sik sin(xi − xk) , if i = j .

For any θ ∈ Rn,

▶ λ1(Df e) = 0;

▶ Off-diagonal is skew-symmetric.
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Even part (bis)
Let R = [v2 · · · vn]⊤ ∈ R(n−1)×n, then Πn = R⊤R.
We can then compute

µ2,Π(Df e) = µ2(RDf eR†) = λmax

(
R[diag(Df e)]R⊤

)
≤ max(diag(Df e)) .

Therefore, for any x ∈ ∆(γ),

[Df e]ii = −
n∑

j=1

cij sin(xi − xj) ≤ sin(φ) sin(γ)degi .

Lemma 2: µ2,Π(Df e) ≤ sin(φ) sin(γ)dmax(G)

F. Bullo, Contraction Theory for Dyna´mical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds

RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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Altogether

Consider the Kuramoto-Sakaguchi model on ∆(γ).

µ2,Π(Df ) ≤ µ2,Π(Df o) + µ2,Π(Df e)

≤ − cos(φ) cos(γ)λ2(LG) + sin(φ) sin(γ)dmax(G)

Theorem 1

If, γ < γ̄ = arctan

(
λ2

dmax tan(φ)

)
, then the Kuramoto-Sakaguchi model is

strongly infinitesimally semicontracting on ∆(γ).

RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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Convexity and invariance?

One more issue: ∆(γ) is not convex!

The set Γu,γ = Ω(u)∩∆(γ) is convex, but maybe
not invariant.

Theorem 2
Let 0 ≤ γ < γ̄ and u ∈ Zc . There is
at most one synchronous state of the
Kuramoto-Sakaguchi model in each γ-
cohesive winding cell.
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Conclusion

15 10 5 0 5 10 15 20
x1

10

5

0

5

10

15

x
2

0.22

0.17

0.11

0.06

0.00

0.95

1.894

2.84

3.78

μ 2
,Π

▶ We showed ”at most uniqueness” in
Γ(u, γ);

▶ The bound on γ involves all relevant
ingredients;

▶ We leveraged various subtlties of
contraction theory.

Thank you!
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Proof of Lemma 1
We can compute

µ2,Π(Df o) = min{b | ΠDf o + Df o⊤Π ⪯ 2bΠ} = min{b | Df o − bΠ ⪯ 0}

For any x ∈ Rn,

x⊤(Df o − bΠ)x =
∑
i≥2

(v⊤i x)
2[λi (Df o)− b] ≤ [λ2(Df o)− b]

∑
i≥2

(v⊤i x)
2 .

Therefore,

µ2,Π(Df o) = λ2(Df o)

F. Bullo, Contraction Theory for Dynamical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds

RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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Proof of Lemma 2
Let R = [v2 · · · vn]⊤ ∈ R(n−1)×n, then Πn = R⊤R.
We can then compute

µΠ(Df e) = µ2(RDf eR†) = µ2(RDf eR⊤)

= λmax

(
R
Df e + Df e⊤

2
R⊤

)
= λmax

(
R[diag(Df e)]R⊤

)
≤ max(diag(Df e)) .

where we used the properties of interlacing eigenvalues (see Cor. 4.3.37 in Horn &
Johnson).

F. Bullo, Contraction Theory for Dynamical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds

RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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Cohesiveness bound
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