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The Kuramoto-Sakaguchi model

Zau [sin(x; — xj — ¢) +sing] = fi(x), ie{l,..,n}

ZC,J sin(x; — x;) + sji[1 — cos(x; — x;)],
where:
> x; € St ~ (—m,7); > pe(—n/2,7/2);
> wieR; > cjj = ajjcos(p);
> ajj S Rzo; | 4 Sij = ajj sin(<p).
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How many stable synchronous states?
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Generic Scaling at the Onset of Macroscopic Mutual Entrainment in Limit-Cycle
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The winding cells: Q(uv) = {x € T" | q(x) = u} .

6/15



e e

Introduction Kuramoto-Sakaguchi Semicontraction Convexity and invariance Conclusion
00 0008 000000 o o)
: :

...stability

For all connected i and j:

|xi —xj| <7m/2—¢ = Re[N(Df)] <0
= stability
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For all connected i and j:

|xi —xj| <7m/2—¢ = Re[N(Df)] <0
= stability

The cohesive set:

A) ={xeR" [ [Ix = x|l <, i~J}
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How about contraction?

X = wj — Z cjjsin(x;i — x;) — Zs,-j[l —cos(x; — xj)] = wi + f°(x) + £°(x) .
j=1 j=1

Invariant along span(1,):
» Dynamics of x + al, is independent of of «;
> \i(Df) =0.

8/15



Introduction Kuramoto-Sakaguchi Semicontraction Convexity and invariance Conclusion
[e]e] 0000 000000 [} [}
. .

How about contraction?

X = wj — Z cjjsin(x;i — x;) — Zs,-j[l —cos(x; — xj)] = wi + f°(x) + £°(x) .
j=1 j=1

Invariant along span(1,):
» Dynamics of x + al, is independent of of «;
> \i(Df) =0.

Recall the disagreement seminorm
||X||27|_|n = HI‘I,,tz ) M, =1d - n_llnl;r .

Let pp n denote the induced log-seminorm.
8/15
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Odd part

fP(x) ==Y cysin(xi — x)
j=1

o(y\1. — J cijcos(xi —x;), ifi#J,
[Df°(x)]; = { — Y cikcos(xi — xx), ifi=j.

For any x € R™:
» Real eigenvalues: \1(Df°) =0 and X\p(Df°) > --- > \y(DF°);
» Orthonormal basis of eigenvectors: vy, va, ..., Vp;
» ker(M,) C ker(Df°) and M,v; = v; for i > 2.

9/15



Introduction Kuramoto-Sakaguchi Semicontraction Convexity and invariance Conclusion
[e]e] 0000 00@000 [¢] [¢]

Odd part (bis)
The Jacobian Df° being a Laplacian matrix, we get

112.n(DF®) = Ap(DFO).

F. Bullo, Contraction Theory for Dynamical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds
RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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Odd part (bis)

The Jacobian Df° being a Laplacian matrix, we get

po.n(DFf°) = Xa(DF°).
Furthermore, by Weyl's inequality, for x € A(7),

cjj cos(7y) < cjj cos(xi — x;) < ¢jj = X(Df°) < —cos(¢) cos(y)A2(Lg) -

F. Bullo, Contraction Theory for Dynamical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds
RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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Odd part (bis)

The Jacobian Df° being a Laplacian matrix, we get

po.n(DFf°) = Xa(DF°).
Furthermore, by Weyl's inequality, for x € A(7),

cjj cos(7y) < cjj cos(xi — x;) < ¢jj = X(Df°) < —cos(¢) cos(y)A2(Lg) -

Lemma 1: ppn(Df°) < — cos(p) cos(y)A2(Lg)

F. Bullo, Contraction Theory for Dynamical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds
RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, |IEEE Control Syst. Lett. 7 (2023).
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Even part

f,-e(x) — Z 5ij[1 — COS(Xi - Xj)]

j=1
()l = { S0 %) if i),
[Df (x)]’J - { _Zk Sik Sin(X,- — Xk), ifi :_]

For any 8 € R”,
> \i(Df¢) =0;
» Off-diagonal is skew-symmetric.
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Even part (bis)
Let R=[vo---v,]" € RO-DX" then M, = RTR.
We can then compute

112.0(DF) = 112(RDFERT) = Amax (R[diag(Dfe)]RT) < max(diag(Df®)).

Therefore, for any x € A(7),

n
[DFf]ii = — Z cjjsin(x;i — xj) < sin(y)sin(y)deg; .
j=1

F. Bullo, Contraction Theory for Dyna “mical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds
RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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Even part (bis)
Let R=[vo---v,]" € RO-DX" then M, = RTR.
We can then compute

112.0(DF) = 112(RDFERT) = Amax (R[diag(Dfe)]RT) < max(diag(Df®)).

Therefore, for any x € A(7),

n
[Df°)ii = — Z cjjsin(x;i — xj) < sin(y)sin(y)deg; .
j=1

Lemma 2: pp n(Df®) < sin(¢) sin(7y)dmax(G) ]

F. Bullo, Contraction Theory for Dyna “mical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds
RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, |IEEE Control Syst. Lett. 7 (2023).
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Altogether

Consider the Kuramoto-Sakaguchi model on A(~y).

p2,n(DF) < po n(DF°) + pa,n(DF°)
< — cos(¢p) cos(7)A2(Lg) + sin() sin() dmax(9)

RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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Altogether

Consider the Kuramoto-Sakaguchi model on A(7).

p2,n(DF) < pan(DF°) + p2,n(DF)
< —cos(p) cos(v)A2(Lg) + sin(¢) sin(y)dmax(G)

Theorem 1
A2

If, v < 4 = arctan <—
dmax tan(y)
strongly infinitesimally semicontracting on A(7).

) , then the Kuramoto-Sakaguchi model is

RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, IEEE Control Syst. Lett. 7 (2023).
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One more issue: A(7) is not convex!
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Convexity and invariance?

One more issue: A(7y) is not convex!

Theset 'y, = Q(u)NA(y) is convex, but maybe

/2
not Invariant.

03 — 0>

Theorem 2

Let 0 <y < 7 and u € Z°. There is
at most one synchronous state of the
Kuramoto-Sakaguchi model in each ~-
cohesive winding cell. R

—r/2

0y — 61
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Conclusion
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Loos » We showed "at most uniqueness” in

0.95 F(u,'y);

000 5 » The bound on 7 involves all relevant
= . .

~0.06 ingredients;

o » We leveraged various subtlties of

o contraction theory.

-0.22
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Loos » We showed "at most uniqueness” in

0.95 F(u,'y);

000 5 » The bound on 7 involves all relevant
= . .

~0.06 ingredients;

o » We leveraged various subtlties of

o contraction theory.

-0.22

Thank you!
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Proof of Lemma 1
We can compute

pio.n(DF) = min{b | IDF° + DF° M < 2bM} = min{b | DF° — b < 0}

For any x € R”,

xT(DfO = bM)x = > (vi x)?[Ai(DF°) — b] < [Mo(DF°) — b] Y (v x)°.

i>2 i>2
Therefore,

p2,n(DF°) = Ao(DF°)

F. Bullo, Contraction Theory for Dynamical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds

RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, |IEEE Control Syst. Lett. 7 (2023).
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Proof of Lemma 2

Let R=[va---v,]T € RO""DXN then M, = RTR.
We can then compute

pn(DFf®) = pa(RDFERY) = pa(RDFERT)

Df¢ + DfeT
= Amax (R%RT>

— Amax (R[diag(ofe)]RT) < max(diag(DF°)).

where we used the properties of interlacing eigenvalues (see Cor. 4.3.37 in Horn &
Johnson).

F. Bullo, Contraction Theory for Dynamical Systems, ed. 1.1, Kindle Direct Publishing (2023). https://fbullo.github.io/ctds

RD and F. Bullo, Semicontraction and Synchronization of Kuramoto-Sakaguchi Oscillator Networks, |IEEE Control Syst. Lett. 7 (2023).
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Cohesiveness bound

1.6 1

— MfUa = 1.0
1.4+ —— Ml =05
Aty = 0.2
124 AlClpay = 0.1
Aoy = 0.01
1.0
0.8
> A
0.6 4 by 2
Y= arctan | ————
0.4 dmax tan(go)
0.2
0.04
00 02 04 06 08 10 12 14 16
[
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